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We consider in tlie following the quantization of a simple model of a relativistic open string with 
a point mass attached at one end. The normal modes are derived and used to construct expressions 
for the position-position and position-conjugate commutators. Light cone gauge is used to find the 
mass squared operator. The singular part of the operator product expansion is derived. 

1. INTRODUCTION 

We consider in the following a relativistic bosonic open string with a point mass attached at one end. In a following 
paper [l| we will discuss a string with point masses attached at each end. This might be considered a model 
for a meson, as also discussed in the Lund model 0, but incorporating some of the techniques of modern string 
theory, i [| 

In Section 2 we derive the oscillation modes and also an equation giving the allowed frequencies. The boundary 
condition due to the attached mass makes the standard canonical commutation relations invalid. The system could 
possibly be quantized using Dirac brackets ^6], but in Section 3 we find it more convenient to quantize the mode 
amplitudes. [7| The resulting expressions for the position-velocity and position-conjugate commutators are given a 
simplified form in Section 4. In Section 5 light cone gauge is used to find the expression for the mass squared operator. 
In Section 6 the singular part of the operator product expansion is derived. 



An open string has the action 



2. THE OSCILLATION MODES 



(1) 



Here the parameter Tq has the role of a mass per unit length when it multiplies the time derivative term, and also 
is the coefficient of tension when it multiplies the spatial derivative term. We introduce a point mass at the a = tt 
end by increasing there the mass per unit length by a delta function distribution of strength mo- The string with an 
attached point mass at one end then has the action: 

5=^1 drX' (r, n) + ^JdTj^^ da [x' (r, a) - X'^ (r, a)) (2) 
It obeys the boundary conditions 

moX^(T,^) = -ToX'^(r,7r) 

X'^ (r, 0) = ^ ' 

and the equation of motion 

1^ (r, a) - X''^" {t, a)^0 (4) 

There is a linear solution: 

X^ = + b^T (5) 
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and also oscillating solutions: 



where 



X^(T,a) = B£ (r) cos(wa) 



+iujT 



and the frequencies lu must satisfy 



as a consequence of Eq. ([2] a). 



To sin (wtt) = —mQUj cos (wtt) 



3. QUANTIZATION 



We write 



uj>0 



and substitute this expression in Eq. ([2]) The terms in the Lagrangian involving Xq are 

^0 f^\^ , TOTT \ 2 ^ ^^^^^ ^ ^^^^ ^^^^^ ^ 



sin (wtt) 



tj>0 



where we have used Eq. ([5]) 

The other time derivative terms are 



TD^ J2 B^ B^ 



— ^ cos (ujtt) cos (w'tt) + [ da cos (wcr) cos (w'cr) 



Now if 7^ oj' then 
mo 



cos (wtt) cos (w'tt) + -z- I da cos (wcr) cos (w'cr) 
2 2 Jo 



— - cos (wtt) cos (w'tt) H ° — sin (wtt) cos (w'tt) — w' sin (w'tt) cos ( 

2 2 (o;^ — w^J 



= 

where we have used Eq. ([8]) 
When Lo = uj' then 



™o 2 ^ ^ , / J 2 / \ 
-—cos (wtt) + — / dcr cos (cjct) 



— COS (W7r) + y 



TT sin {lot:) cos (wtt) 

2 ^ 2^;; 



Wo 2 / N , ^OTT 

— COS (a;7r) + — 



Again using Eq. dH). 

The spatial derivative terms are 



SD = ■ Bi^i 1 daujLu' sin {uja) sin (uj'a) 

uj,uj'>0 
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Now \i uj ^ uj' then 



To / (i(T sin (wcr) sin (oj'cr) = / [cos ((w — w') tt) — cos ((w + w') tt)] 



To 
2 

To 
2 







sin ((cj — w') tt) sin ((cj + cj') tt) 
sin (wtt) cos (wV) — sin (w'tt) cos (wtt) sin (wtt) cos (w'tt) + sin (wV) cos (wtt) 



by Eq. ^ 

When uj — Ld' then a typical factor is . 



To 2 



I rfcr sin^ (wcr) = — T''^^ / dcr (1 — cos (2cjct)) 
Jo 4 Jq 

sin (wtt) cos (wtt) ' 



-'O 2 , 
--0. ITT- 



To 2 "*0 2 2 / \ 
W TT COS WTT 

4 4 ^ ^ 



The Lagrangian can now be written as 

i = ^ (mo + Ton) (Xq) ' + ^ (™o ('^^) + ^c"^) (^") ' " 



tj>0 



From this we can find the canonical conjugates: 

dL 



n 



AiO 



(mo + Tott) ir^o 



n„ 



The canonical commutation rules are 



Which for the zero mode implies that 



and therefore with Eq. ([S]) we can identify 



dL 1 , 2 / \ \ • 

= X [rno cos (wtt) + Tott) 



^0 '^0 



Too + ToTT 



Too + ToTi" 



(15) 



(16) 



(17) 



(18) 



(19) 



(20) 



(21) 



where p'' is the total momentum operator, with [a;'^,p'^] — ii]^'^. With Q (lo) — toqCOS^ i^'^) + Tott , the non-zero 
modes satisfy 



i?£(r),i?^' (r) 



— Oj—L A , 

Q (w) 



(22) 



Using Eq. ([7]), this leads to 



(23) 



(w) 
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Define, for w > 



and for w < 



Then we get the conventional commutator: 

And wc can now write the coordinate operator as 



Too + To 



- + i V e-^"^ cos (wct) 

cj#o ^ V "^0 cos^ (wtt) + ToTi" 



The equal time position- velocity commutator is 



X''(r,a),X^(r,a') 



2E 



cos (wcr) cos (wcr') 

mo + ToTT ' Too cos^ (t^Tr) + Tqtt 



(24) 
(25) 
(26) 

(27) 



(28) 



We will examine this in detail in the following. 



4. THE COMMUTATOR 



The action of Eq. ^ gives for 11^ (r, a) , the operator canonical conjugate to A^ (t, ct) 



55 



<5A^(T,a) 



toqA^ (t, tt) (5 (ct - tt) + TqA^ (t, cr) |ct<^ 



Too 



mo + Tqtt ^ ^mo cos^ (wtt) + Tqt: 



e-"^^ cos (wtt) 



-To 



TOO + ToTT ^TOo C0S2 (wTt) + TqTT 



(5 (a — tt) 
cos (wcr) 



Then the position-conjugate commutator is therefore 

[A'^ (r, a) , n'' (r, a')] = ^77'^" [moi? (a, ^) ,5 (a' - tt) + Tq^ (a, <j') 
The commutator function D {a, a') can be written as 

cos (w„ct) cos {uJn<j') 



Dia,a')= J2 



n— — 00 



mo cos^ (^n^r) + ^o^r 



(29) 



(30) 



(31) 



where we have labeled the frequencies a;„ given by Eg. ([5]) in the order of their magnitude, with uj^ < uj^+i and 
ujQ — . The function 

1 



1^ + tan (wtt) 



(32) 



has poles at each w„ with residue 

Lim, 



+ tan (wtt) 



Tq cos^ (u;„7r) 

Too COS^ (l^nTr) + ToTT 



(33) 
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Therefore, let C„ denote a very small circular path in the complex plane around each real a;„ , then we can write 



+00 „ 
D{a,a')= J2 



dw 



cos (wcr) COS (wc') 



Cn ^TTi To cos2 (wtt) + tan {con) 



(34) 



Next we expand the circles C„ to become two lines parallel to the real axis, one above and one below the real ax;is, 
plus a series of new, clockwise paths C^, around each of the zeros of cos(ujtt). The parallel lines may be taken to 
infinity, where each integrand decreases as exp [— |Im(w)| (27r — a — a')] . There are three possibilities: (1) Both a 
and a' are each less than n . (2) One, say a < tt , but a' = n . {3) a = a' — tt . 

(1) The parallel lines contribute nothing. The zeros occur at oJk = for integers k, and with w = wj, + £ near 
such a point, we have 



To cos^ (wtt) 



mow 



+ tan (wtt) 



— cos (lott) [mow cos (wtt) + Tq sin (wtt)] 



(-l)'=£7r [moO(£)+To(-l)'= 



The minus sign converts the clockwise paths to counterclockwise, giving us 

2 

ToTT 



2 ^ /2fc + i \ /2fc + i , 
D{a,a ) = — — 2^ cos ( — z — o" | cos | — ^ — cr 



\ 2 



1 



d{a- a') 



(35) 



(36) 



since the functions y ^ cos {^^^o-) are normal, orthogonal and complete on the interval < a < n . 
(2) The parallel lines still contribute nothing, but now the integrand is 



+00 



D{a,n)= f 

n=-oo '^^ 
+00 

= E 



duj 



cos (wcr) cos (wtt) 



c„ 27ri To cos2 (wtt) ^ + tan (wtt) 
duj cos (wcr) 



(37) 



^'^^ To cos (wtt) ^+tan(w7r) 
However the denominator in the integrand near the zeros of cos {low) becomes 



To cos (lott) 



mow 



to 



+ tan {lot:) 



-^moO{e)+To{-l)' 



There are therefore no poles other than those at w„ and thus 

D{a,n) =D{TT,a)=0 



(38) 



(39) 



(3) In this case there are no extra poles in the integrand, but the parallel lines do contribute. The commutator 
function is now 



+00 



D{n,n)= J2 



cos^ (w„7r) 



mo cos^ (w„7r) + Tott 



+CX) 

E 



du) 



(40) 



n=-oo Jo 



^ + tan {ton) 



We can now expand the integrations over the C„ into one circle of radius R, and take the limit as i? — >■ oo . Then 

1 f dto 
2irimo co 



D{n,n) = 



1 

mo 



(41) 
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Summarising, we can now write the commutator function as 



D (cr, Cr') = Sa.TrScr'.TT + 7^5-^ (c, cr') 

mo To 



(42) 



where 5a,T^ is an ordinary Kronecker deUa, and (f, cr') = 5 [a — cr') and is non zero, so long as neither of its 
arguments equals tt . 

The position-conjugate commutator is now 



[X^^ (r, a) , (r, a')] = irj^'' [S^^J [a' - ^) + (d, n')] 



(43) 



5. THE MASS SQUARED OPERATOR 

We determine the possible physical states by going into the light cone frame. In this frame = ^ , 



X- = 



V2 



V2 

and the remaining coordinates are X^ , for / = 2, 3, — 2 . We then fix the gauge by setting 



From Eq. (|27p we see that this requires 



(for uj ^ ), and the Lagrangian becomes 



X+ =T 

p+ = mo + Tqtt 
a;+ = 
a+ = 



-2X- (T,7r) + (^i:^ {t,tt) 

2X- (r,a) + [X' (T,a))' - {x" {t,o)Y 



41- 

From Eq. (|27|) we also see that the oscillatory parts of X^ (t, cr) appear in this Lagrangian as 



(44) 



(45) 



(46) 



-mo e-'"^ cos (cjtt) - To / da e~"^^ cos (wa) 

e-*"^ f mo cos (wtt) -|- — sin (t^Tr) ) = 



(47) 



where we have used Eq. (|5]). The oscillatory part of X thus does not appear in the Lagrangian and may be set to 
0. The Lagrangian becomes 



L = - (mo + Tott) X- + ^ (X' (r, tt) 



This gives us 



4/ ^ 



dL 



dX- 



(X' {r,a)f - {X'' {T,a)y 



(m,o + Tott) = -p+ 



(48) 



(49) 



which is consistent with Eq. (j45p . With the components expanded as in Eq. ^ the Lagrangian becomes 



L = (mo + To^) -X^ + 



ui>0 



B 



(50) 
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The canonical momenta of Eq. ([18)) are now 



From this we obtain the Hamihonian, 



dL 

I ^ ^ Q (^) p7 



(51) 



aj>0 



ML 

2Q (0) 



E 

LJ>0 



Q (w) 4 



(52) 



We identify H = p = —p+ as it is the operator that changes r . (!3], vol I, p 17). Then using Eq. ([?T|) and with 
g (0) = mo + ToTT = p+ , Eq. ((521) becomes 



Af2 ^ 2p+p- - (p^ 



CJ>0 



From Eqs. JT]) and ([Ml we can write 



r / — 26jr / +2a;Tl 



Then 



where 



UJyjQ (Cj) 

Af2 = 2Q (0) ^ al^al + {D-2)A 



w>0 



A = Q(0)^< 



w>0 



For mo ^ Tq it is convenient to write the solutions to Eq. ((S)) as 

2fc + 1 



where Sk satisfies 
For mo ^ To this becomes 

and Eq. ()55p becomes 

2 (mo + Tott) 



tan (e^Tr) 



To 



2ro 



mo(^+e.) 



01 



Trmo (2fc +1) \ V"^o 



2^ a„^a„ + — — 2^ 



.cj>0 



/c=0 



2ro 



Trmo (2fc + 1) 



We regularize the third sum by considering 



V e-^'' = In (l + e-') - In (l - e"^) 

^ 2fc + 1 \ ^ ) \ ) 



k=0 



In (2) - 21n(e) 



(53) 



(54) 



(55) 



(56) 



(57) 



(58) 



(59) 



(60) 



(61) 
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Taking the limit as e and discarding the divergent part, this becomes simply In (2). We write the second sum as 

-9,^e-^^ = l + l + 0(e) (62) 



fc=0 



24 



Discarding the divergent term and taking the limit as e ^> we get 



2 (mo + Tott) 




ln(2) + [-^ 




(63) 



Unlike the situation for the open string without attached mass, the ground state here has positive mass squared. 
If Too is not much greater than To the situation is more complicated. If it is much less than Tq it can be shown that 
the frequencies a;„ are slightly less than the integers n, so long as n is not too large, and eventually, for large n, they 
become as above, slightly greater than the half odd integers. 



6. THE OPERATOR PRODUCT EXPANSION 



We map the string world sheet coordinates (r, a) into the complex plane by setting 



T — — icT*^, <7 — 

z ^ = e'(^+'^) (64) 

Then the operator expansion of Eq. ((27|) becomes 

X^'{T,(J)^X^'{z,z) = X^'{z) + X^'{z) (65) 



where 



2 2Q(0) 2j^^^^QH 
T*" n^^ i (y^^ ^^^^ 



and from this we get 



We will find the singularity at z=w in the OPE of dX^^ (z) X" {w) by considering its vacuum expectation value 
with \z\ > \w\. 



<oia.-(=) 10) . i 5: (01 10) ^ 



uj>0 



y I (^y 

Too COS^ (cUTt) + TnTT \ Z J 



(68) 



w>0 



As in Eq. p4p we can write this sum as a sum of path integrals around allowed frequencies, but here around only the 
> , therefore n > 0. 



^ 27rj pog2 {^^-^ ( + tan fwTr) 1 ^ ^ ' 



* To cos2 (wtt) + tan (wtt)) 
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As before, this converts to integrals around the zeros of cos (wtt) , plus integrals along lines parallel to the real axis, 
which go to zero, plus here an integral along the imaginary w axis which however is finite and stays finite as z — >■ w . 
The result is 

fe=0 

= -<l,/^^ (70) 

47rTo \j z z — w 



4:TrTt) \z — w \w 
We conclude that 



dX'' (z) X'' {w) r-. - ^ (71) 

exactly the same value it would have if there were no attached mass. 

7. CONCLUSION 

The commutation relations found here are actually what one would what one would expect if the string position 
operator was the sum of an ordinary particle operator located at <t = tt and an independent ordinary open string 
position operator defined on the interval < cr < tt . 

The parameter mo measures the mass attached to one end. The parameter To measures the mass per unit length. 
The results depend greatly on the ratio r = mo/To . When r is very large, the frequencies are close to half odd 
integers, very much what one would expect for a string that is free at one end but fixed at the other. 

The allowed frequencies w are in general not rational numbers. Therefore although the position operator X^ can 
be expressed as a function of the complex variables z and z , and then X^ [z, z) = X^ [z) + X^ {z), these functions 
can not be expressed as simple Laurent series in 2; or ^ . However the operator product expansion for two Xs still has 
the simple form 

X^{z)X^{w)^-^\^{z-w) (72) 
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